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7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW
SURYLGH DOO FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV
WKH\ KDYH REWDLQHG� ,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH
RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR UHFHLYH DOWHUQDWLYHV FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\

�� % ��LV�WKH�RQO\�RQH�RI�WKH�IRXU�QXPEHUV��ZKLFK�LV�SULPH��7KH�VXPV�RI�WKH�GLJLWV�RI
WKH�RWKHU�WKUHH�QXPEHUV�DUH����������UHVSHFWLYHO\��7KHVH�DUH�DOO�PXOWLSOHV�RI����VR
��������������DUH�DOO�PXOWLSOHV�RI���

�� ' 7KH�IROORZLQJ�WULSOHV�RI�SRVLWLYH�LQWHJHUV�DOO�VXP�WR����
����������������������������������������������

,Q�RQO\�RQH�RI�WKHVH�DUH�WKH�WKUHH�LQWHJHUV�DOO�GLIIHUHQW��VR�WKH�UHTXLUHG�LQWHJHUV
DUH���������DQG�WKHLU��SURGXFW�LV���

�� ( 7KH�GLDJUDP�VKRZV�WKDW�WKH�LQWHULRU�DQJOHV�RI�WKH
SRO\JRQ�PD\�EH�GLYLGHG�XS�WR�IRUP�WKH�LQWHULRU�DQJOHV
RI�VL[�WULDQJOHV���6R�WKHLU�VXP�LV� �� × ���°



�� & 7KH�GLJLWV�WR�EH�XVHG�PXVW�EH�������������,I�DQ\�RI�WKHVH�ZHUH�WR�EH�UHSODFHG�E\�D
VPDOOHU�GLJLW��WKHQ�WKH�VXP�RI�WKH�WZR�WZR�GLJLW�QXPEHUV�ZRXOG�EH�UHGXFHG��)RU
WKLV�VXP�WR�EH�DV�ODUJH�DV�SRVVLEOH����DQG���PXVW�DSSHDU�LQ�WKH�µWHQV¶�FROXPQ
UDWKHU�WKDQ�WKH�µXQLWV¶�FROXPQ��6R�WKH�ODUJHVW�SRVVLEOH�VXP�LV���������RU���������
,Q�ERWK�FDVHV�WKH�VXP�LV�����

�� ' 7KH�GLIIHUHQFH�EHWZHHQ�WKH�WZR�JLYHQ�WLPHV�LV����KRXUV����PLQXWHV�
 ������î����������PLQXWHV� �������������PLQXWHV� ������PLQXWHV�

�� $ 7KH�GLDJUDP�VKRZV�WKH�UHVXOW�RI�WKH�VXFFHVVLYH�UHIOHFWLRQV�
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�� & 7KH�SULPHV�LQ�TXHVWLRQ�DUH���DQG�����7KH�RQO\�SULPHV�VPDOOHU�WKDQ���DUH���DQG����
+RZHYHU�QHLWKHU���QRU���LV�SULPH�VR� �DQG� �FDQQRW�EH���DQG����QRU���DQG���p q

�� $ 5HIHUULQJ�WR�WKH�GLDJUDP�� �
� ��6R�WKH

YDOXHV�RI� � �DQG� �DUH���������LQ�VRPH�RUGHU�

a = �� − � = �
b = �� − � − a = � f = �� − � = �

c d e
,I �WKHQ� ��EXW�WKHQ� �ZRXOG�QHHG
WR�EH����QRW���

c = � d = � e

� �

�

c
a b d

H
f

,I ��WKHQ� �DQG� �DQG�WKLV�LV�D�YDOLG�VROXWLRQ��)LQDOO\��LI�
WKHQ �ZRXOG�QHHG�WR�HTXDO����ZKLFK�LV�QRW�SRVVLEOH���6R�LQ�WKH�RQO\�SRVVLEOH
VROXWLRQ���LV�UHSODFHG�E\���

c = � d = � e = � c = �
d

�� % ���RI����������� �����������·����� ���������6R�WKH�OHDVW�QXPEHU�RI�IOHDV�ZKLFK
ZLOO�EH�HUDGLFDWHG�LV�����������í�������� ���������

��� ' 7KH�WDEOH�VKRZV�WKH�ILUVW����SRVLWLYH�LQWHJHUV�� ���DQG�WKH�VXP�� ��RI�WKH�IDFWRUV�RI
�H[FOXGLQJ� �LWVHOI��$V�FDQ�EH�VHHQ�����LV�WKH�ILUVW�YDOXH�RI� �IRU�ZKLFK�WKLV�VXP

H[FHHGV ��VR����LV�WKH�VPDOOHVW�DEXQGDQW�QXPEHU�

N S
N N N

N
N � � � � � � � � � �� �� ��
S � � � � � � � � � � � ��

�Note that for the sum also equals��� For this reason,���is known as a
‘perfect number’.  After����the next two perfect numbers are����and������

N = �

��� & 2SSRVLWH�DQJOHV�RI�D�SDUDOOHORJUDP�DUH�HTXDO�VR� �∠QPS = ��°
7KHUHIRUH �DQG��DV�WULDQJOH� �LV�LVRVFHOHV�

�
∠QPT = ���° QPT

∠PQT = (���° − ���°) ÷ � = ��°
$V �LV�D�SDUDOOHORJUDP�� �
6R �

PQRS ∠PQR = ���° − ��° = ���°
∠TQR = ���° − ��° = ��°

��� % 7KH�YDOXHV�RI�WKH�H[SUHVVLRQV�DUH�����������������������������������UHVSHFWLYHO\�

��� ' ,Q�WKH�UDOO\��DSSUR[LPDWHO\����VKRWV�ZHUH�KLW�SHU�PLQXWH�IRU�D�WRWDO�RI�����PLQXWHV�
$V ��'�LV�WKH�EHVW�DOWHUQDWLYH��� × ��� = �� ���



��� $ 7KH�PHDQ�RI�WKH�ILUVW�WKUHH�QXPEHUV�LV� ��WKH�PHDQ�RI�WKH�ODVW�IRXU
QXPEHUV�LV� ���7KHUHIRUH� ��WKDW�LV

��VR� �

�
� (�� + x)

�
� (�� + x) � (�� + x) = � (�� + x)

�� + �x = �� + �x x = �� − �� = ��
��� ( � �

� � �

2I�WKH�IUDFWLRQV� ��WKH�FORVHVW�WR���LV� �

�
�

+ �
�

× �
�

= �
�

+ �
��

= �
��

�
�

+ �
�

÷ �
�

= �
�

+ �
�

× �
�

= �
�

+ �
�

= ��
�

�
�

× �
�

÷ �
�

=

�
�

× �
�

× �
�

= �
�

�
�
í
�
�

÷ �
�

= �
�
í
�
�

× �
�

= �
�

− �
�

= −�
�

�
�
í
�
�

× �
�

= �
�

− �
��

= �
��

�
��

, ��
�

, �
�

, −�
�

, �
��

�
��

��� % $V�WULDQJOH� �LV�HTXLODWHUDO�� ��)URP�WKH
V\PPHWU\�RI�WKH�ILJXUH��ZH�PD\�GHGXFH�WKDW� �VR
WULDQJOH �LV�HTXLODWHUDO���7KH�OHQJWK�RI�WKH�VLGH�RI�WKLV
HTXLODWHUDO�WULDQJOH� �OHQJWK�RI� � �������������FP� ���FP�
6R ��%\�D�VLPLODU
DUJXPHQW��ZH�GHGXFH�WKDW� � ���FP��VR�WKH�OHQJWK�RI�WKH
VLGH�RI�WULDQJOH� �

ABC ∠BAC = ��°
AD = DE

ADE
DE

AF = AD − AF = (�� − �) FP = � FP
BD

ABC = (� + � + �) FP = �� FP

A

B C

D E
F

��� ( 7KH�WHUPV�RI�WKH�VHTXHQFH�DUH������������������������������������������������������
�����������������������������«���$V�FDQ�EH�VHHQ��WKHUH�ZLOO�QRZ�EH�QR�RWKHU�WHUPV�LQ
WKH�VHTXHQFH�RWKHU�WKDQ������DQG����,W�FDQ�DOVR�EH�VHHQ�WKDW�WKH�RQO\�YDOXHV�RI�
IRU�ZKLFK�WKH� �WK�WHUP� � �DUH����DQG����

n
n n

��� & $IWHU�WUDYHUVLQJ�WKH�ILUVW�VHPLFLUFOH��3HUL�ZLOO�EH�DW�WKH�SRLQW���������DIWHU�WKH�VHFRQG
VHPLFLUFOH�3HUL�ZLOO�EH�DW��������DQG�DIWHU�WKH�WKLUG�VHPLFLUFOH��3HUL�ZLOO�EH�DW�WKH
SRLQW��������

��� $ 7KH�GLDJUDP�VKRZV�WKH�RULJLQDO�GLDJUDP�HQFORVHG�ZLWKLQ�D
VTXDUH�RI�VLGH� ��ZKHUH� �LV�WKH�UDGLXV�RI��WKH�RULJLQDO�FLUFOH�
7KH�XQVKDGHG�DUHD�RI�WKH�VTXDUH�FRQVLVWV�RI�IRXU�TXDGUDQWV
�TXDUWHU�FLUFOHV��RI�UDGLXV� ��6R�WKH�VKDGHG�DUHD�LV�

���7KHUHIRUH�WKH�UHTXLUHG�IUDFWLRQ�LV

�r r

r �r� − πr�
= r� (� − π)

r� (� − π)
πr�

= � − π
π

= �
π

− �.

��� ' /HW�WKH�VLGHV�RI�WKH�UHFWDQJOH��LQ�FP��EH� �DQG� �UHVSHFWLYHO\��x �x
7KHQ�WKH�DUHD�RI�WKH�VTXDUH�LV� ���6R� ��WKDW�LV� ��x × �x FP� = ��x� FP� ��x� = ��� x� = ��

�
7KHUHIRUH ��EXW� �FDQQRW�EH�QHJDWLYH�VR�WKH�VLGHV�RI�WKH�UHFWDQJOH�DUH���
FP�DQG������FP���+HQFH�WKH�UHFWDQJOH�KDV�SHULPHWHU����FP�

x = ±�
� x

��� $ ,Q�WKH�GLDJUDP�� �LV�WKH�IRRW�RI�WKH�SHUSHQGLFXODU
IURP �WR� �SURGXFHG��$QJOHV� �DQG�
DUH�DOWHUQDWH�DQJOHV�EHWZHHQ�SDUDOOHO�OLQHV�VR

��7ULDQJOH� �KDV�LQWHULRU�DQJOHV�

T
Q SR PQR QRT

∠QRT = ��° QRT

P Q

R TS

RI �VR�LW�PD\�EH�WKRXJKW�RI�DV�EHLQJ�KDOI�RI�DQ�HTXLODWHUDO�WULDQJOH�RI
VLGH���XQLW��VLQFH�WKH�OHQJWK�RI� �LV���XQLW��6R�WKH�OHQJWKV�RI� �DQG� �DUH� �DQG�
XQLWV�UHVSHFWLYHO\�

��°,  ��°,  ��°
QR RT QT �

�
�
�

$SSO\LQJ�3\WKDJRUDV
�7KHRUHP�WR� � �
6R�WKH�OHQJWK�RI� �LV� �XQLWV�

$QST SQ� = ST� + QT� = (��)� + ( �
� )� = ��

� + �
� = �

SQ �



��� ( 7KH�PHGLDQ�QXPEHU�RI�FXSV�RI�FRIIHH�LV�WKH�PHGLDQ�RI�D�VHTXHQFH�RI�����SRVLWLYH
LQWHJHUV ��/HW�WKH�VXP�RI�WKHVH�WHUPV�EH� �(t�, t�, … , t���) S
7KH�PHGLDQ�RI�WKH�����QXPEHUV�LV� ��7KH�DOWHUQDWLYHV�LPSO\�WKDW�WKH
PHGLDQ�FDQQRW�EH�JUHDWHU�WKDQ������7KH�QH[W�ORZHVW�SRVVLEOH�YDOXH�IRU�WKH�PHGLDQ
ZRXOG�EH����)RU�WKLV�WR�EH�SRVVLEOH�� �

�
� (t�� + t��)

t�� + t�� = �
,I �WKHQ�WKH�PLQLPXP�YDOXH�IRU� �ZRXOG�RFFXU�LI�DOO�RWKHU�YDOXHV�RI�
ZHUH�DV�VPDOO�DV�SRVVLEOH��WKDW�LV�WKH�ILUVW����YDOXHV�ZRXOG�DOO�HTXDO���DQG�WKH�ODVW���
YDOXHV�ZRXOG�DOO�HTXDO����,Q�WKLV�FDVH�� ��ZKHUHDV�ZH
DUH�WROG�WKDW�����FXSV�RI�FRIIHH�ZHUH�VROG���$Q\�RWKHU�YDOXHV�RI� �DQG ��VXFK�WKDW

�ZRXOG�SURGXFH�D�ODUJHU�PLQLPXP�YDOXH�RI� ��)RU�H[DPSOH��LI�
DQG �WKHQ�WKH�PLQLPXP�YDOXH�RI� �ZRXOG�EH� ��WKDW�LV
�����6R�WKH�PHGLDQ�RI�WKH�����WHUPV�FDQQRW�EH�����EXW�LW�LV�SRVVLEOH�IRU�LW�WR�EH������,I
WKH�ILUVW����WHUPV�DOO�HTXDO���� �DQG �DQG��WKH�ODVW����WHUPV�DOO�HTXDO��
WKHQ �DV�UHTXLUHG�DQG�WKH�PHGLDQ�LV� �

t�� = t�� = � S t

S = �� × � + � × � + �� × � = ���
t�� t��

t�� + t�� = � S t�� = �
t�� = � S �� × � + � + � + �� × �

t�� = � t�� = �
S = ��� �

� (� + �) = �.�
6R�WKH�PD[LPXP�SRVVLEOH�YDOXH�RI�WKH�PHGLDQ�QXPEHU�RI�FXSV�RI�FRIIHH�ERXJKW
SHU�FXVWRPHU�LV�����

��� & $V�LQ�WKH�VROXWLRQ�IRU�4���� �PD\�EH�WKRXJKW�RI�DV�KDOI�DQ�HTXLODWHUDO
WULDQJOH��VR� 6�KDV�OHQJWK���XQLW��7KHUHIRUH� �LV�LVRVFHOHV�DQG��DV

� ��6R� ��8VLQJ�WKH
H[WHULRU�DQJOH�WKHRUHP�LQ� � �

$PTS
T $SRT

∠TSR = ���° ∠SRT = ∠STR = ��° ∠TRQ = ��° − ��° = ��°
$TQR ∠TQR = ∠STR − ∠TRQ = ��° − ��° = ��°

6R �LV�LVRVFHOHV�ZLWK� ��+RZHYHU�� �LV�DOVR�LVRVFHOHV�ZLWK
�VLQFH� ��7KHUHIRUH� ��IURP�ZKLFK�ZH

GHGXFH�WKDW� �LV�DQ�LVRVFHOHV�ULJKW�DQJOHG�WULDQJOH�LQ�ZKLFK
��6R� �

$TQR TQ = TR $PRT
PT = TR ∠PRT = ∠TPR = ��° TQ = TP

PQT
∠PQT = ∠QPT = ��° ∠QPR = ∠QPT + ∠TPS = ��° + ��° = ��°

�����' 7KH�QDWXUH�RI�WKH�VSLUDO�PHDQV�WKDW���LV�LQ�WKH�WRS�OHIW�KDQG�FRUQHU�RI�D�
VTXDUH�RI�FHOOV����LV�LQ�WKH�ERWWRP�ULJKW�KDQG�FRUQHU�RI�D� �VTXDUH�RI�FHOOV����
LV�LQ�WKH�WRS�OHIW�KDQG�FRUQHU�RI�D� �VTXDUH�RI�FHOOV�DQG�VR�RQ��7R�ILQG�WKH
SRVLWLRQ�RI������LQ�WKH�JULG��ZH�QRWH�WKDW� �VR������LV�LQ�WKH�ERWWRP
ULJKW�KDQG�FRUQHU�RI�D� �VTXDUH�RI�FHOOV�DQG�QRWH�DOVR�WKDW� ��7KH
WDEOH�EHORZ�VKRZV�WKH�SDUW�RI�WKH�JULG�LQ�ZKLFK������OLHV��7KH�WRS�URZ�VKRZV�WKH
ODVW����FHOOV�LQ�WKH�ERWWRP�URZ�RI�D� �VTXDUH�RI�FHOOV��ZKLOVW�EHORZ�LW�DUH�WKH
ODVW����FHOOV�LQ�WKH�ERWWRP�URZ�RI�D� �VTXDUH�RI�FHOOV�

� × �
� × �

� × �
��� = ����

�� × �� ��� = ����

�� × ��
�� × ��

���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

6R������OLHV�EHORZ������
��� % 7KH�GLDJUDP�VKRZV�SDUW�RI�WKH�FHUDPLF�

�DQG� �DUH�YHUWLFHV�RI�WKH�RXWHU�RFWDJRQ��ZKLFK�KDV� �DW�LWV�FHQWUH�
7KH�VROLG�OLQHV�DUH�SDUW�RI�WKH�RULJLQDO�ILJXUH��ZKLOVW�WKH�EURNHQ��OLQHV

� ��WZR�EURNHQ�OLQHV�ZKLFK�DUH�SDUDOOHO�WR� �DQG�EURNHQ�OLQHV
SDUDOOHO�WR� �DQG� �UHVSHFWLYHO\�KDYH�EHHQ�DGGHG��$V�FDQ�EH�VHHQ�
WKHVH�OLQHV�GLYLGH� �LQWR�QLQH�FRQJUXHQW�WULDQJOHV��7KH�VKDGHG

A B O

OA OB AB
OA OB

$OAB O

BA

SRUWLRQ�RI�WULDQJOH�KDV�DUHD�HTXDO�WR�WKDW�RI�WZR�RI�WKH�WULDQJOHV��6R� �RI�WKH�DUHD�RI
�KDV�EHHQ�VKDGHG��1RZ�WKH�DUHD�RI�WKH�RXWHU�RFWDJRQ�LV�HLJKW�WLPHV�WKH�DUHD

RI �DQG�WKH�DUHD�RI�VKDGHG�SRUWLRQ�RI�WKH�GHVLJQ�LV�HLJKW�WLPHV�WKH�DUHD�RI�WKH
VKDGHG�SRUWLRQ�RI� �VR�WKH�IUDFWLRQ�RI�WKH�RFWDJRQ�ZKLFK�LV�VKDGHG�LV�DOVR� �

�
�

$OAB
$OAB

$OAB �
�


